Let H be a commutative hypergroup and L a discrete commutative hypergroup. In the present paper we introduce a commutative hypergroup K(H, ϕ, L) associated with a hyperfield ϕ of H based on L. Moreover for the hyperfield ϕ of a compact commutative hypergroup H of strong type based on a discrete commutative hypergroup L of strong type, we introduce the dual hyperfieldφ ofL based onĤ and show that
Introduction
In a previous paper ( [HKTY2] ) we discussed the hypergroup structure of the space K(Ĥ ∪ H 0 , Z q (2)) under the assumptions that H is a compact hypergroup of strong type and H 0 is a closed subhypergroup of H with finite index [H : H 0 ], H and H 0 denoting the dual of H and H 0 respectively, and Z q (2) signifying the q-deformation of Z 2 with 0 < q ≤ 1 in the sense of [KTY] . It remained an open problem to investigate the hypergroup structure of the dualK(Ĥ ∪ H 0 , Z q (2)) of K(Ĥ ∪ H 0 , Z q (2)) at least under additional assumptions on H and H 0 . It required a different approach to master that problem. The present solution to the problem relies on a generalization of the notion of a hyperfield, which had been successfully applied in the case of finite hypergroups in [HKKK] .
Let us emphasize that in the present discussion the dual hypergroup structure of K(Ĥ ∪ H 0 , Z q (2)) will be established for commutative hypergroups H without assuming compactness of H and finiteness of the index [H :
The preliminary knowledge on hypergroups needed in the sequel can be taken from the traditional sources [BH] and [J] ; some additional references on the structure of hypergroups to be consulted are [HK1] , [HK2] and [HKY] .
In section 3 the appropriate generalization of the hyperfield method is presented. We are considering hyperfields ϕ mapping elements ℓ of a countable discrete commutative hypergroup L to compact subhypergroups H(ℓ) of a commutative hypergroup H. Then the space K(H, ϕ, L) is introduced and shown to be a commutative hypergroup (Theorem 3.1). Next we define the hypergroup K(L,φ,Ĥ) by the dual field ofφ of ϕ and obtain that for a compact commutative hypergroup H of strong type the desired dualK(H, ϕ, L) is isomorphic to K(L,φ,Ĥ) (Theorem 3.5). Natural conditions yield the identification of K(L,φ,Ĥ) withL ∨Ĥ and with the substitution S(Q × L : Q −→ H) introduced by Voit in [V1] .
Section 4 contains various examples of the hyperfield method, in particular the extension of Voit's result in [V2] to higher dimensional tori.
In section 5 we drop the assumption of compactness of H and identify K(Ĥ ∪ H 0 , Z q (2)) with K(Ĥ, ϕ, Z q (2)) (Theorem 5.2) using the character theory for induced representations developed in [HKY] .
Preliminaries
For a locally compact space X we shall mainly consider the subspaces C c (X) and C 0 (X) of the space C(X) of continuous functions on X which have compact support or vanish at infinity respectively. By M(X), M b (X) and M c (X) we abbreviate the spaces of all (Radon) measures on X, the bounded measures and the measures with compact support on X respectively. Let M 1 (X) denote the set of probability measures on X and M
The symbol δ x stands for the Dirac measures in x ∈ X.
A hypergroup (K, * ) is a locally compact space K together with a convolution
becomes a Banach algebra and that the following properties are fulfilled.
is continuous with respect to the weak topology in M b (K).
(H2) For x, y ∈ K the convolution δ x * δ y belongs to M 1 c (K). (H3) There exist a unit element e ∈ K with δ e * δ x = δ x * δ e = δ x for all x ∈ K, and an involution
− and e ∈ supp(δ x * δ y ) if and only if x = y − whenever x, y ∈ K.
(H4) The mapping
from K × K into the space C(K) of all compact subsets of K furnished with Michael topology is continuous.
A hypergroup (K, * ) is said to be commutative if the convolution * is commutative. In this case (M b (K), * , −) is a commutative Banach * -algebra with identity δ e . There is an abundance of hypergroups and there are various constructions (polynomial, Sturm-Liouville) as the reader may learn from the pioneering papers on the subject.
Let (K, * ) and (L, •) be two hypergroups with units e K and e L respectively. A continuous mapping ϕ : K → L is called a hypergroup homomorphism if ϕ(e K ) = e L and ϕ is the unique linear, weakly continuous extension from
We denote by Aut(K) the set of all automorphisms of K. Then Aut(K) becomes a topological group equipped with the weak topology of
We call α an action of a locally compact group G on a hypergroup H if α is a continuous homomorphism from G into Aut(H). Associated with the action
If the given hypergroup K is commutative, its dual K can be introduced as the set of all bounded continuous functions
for all x, y ∈ K. This set of characters K of K becomes a locally compact space with respect to the topology of uniform convergence on compact sets, but generally fails to be a hypergroup. If K is a hypergroup, then K is called a strong hypergroup or a hypergroup of strong type. If the dual K of a strong hypergroup K is also strong and K ∼ = K holds, then K is called a Pontryagin hypergroup or a hypergroup of Pontryagin type.
Hyperfields and hypergroups
Definition For each ℓ ∈ L, let H(ℓ) be a compact subhypergroup of H satisfying the following conditions.
] is the compact subhypergroup of H generated by H(ℓ i ) and H(ℓ j ).
Then we call ϕ :
We denote the normalized Haar measure ω H(ℓ) of H(ℓ) by e(ℓ) and note that condition (2) implies
is a locally compact space, where
Now we shall introduce a convolution • and an involution
order to obtain the following theorem generalizing a result in [HKKK] .
Theorem 3.1 Let ϕ be a hyperfield of a commutative hypergroup H based on a countable discrete commutative hypergroup L. Then K(H, ϕ, L) is a commutative hypergroup.
Proof The set {δ h * e(ℓ) : h ∈ H} is a commutative hypergroup isomorphic to the quotient hypergroup
Next we examine the convolution on
by condition (3) derived from the defining properties of the hyperfield ϕ. In conclusion the convolution in K(H, ϕ, L) is well-defined, and its associativity holds. Now we note that
is compact.
In order to verify the defining property of the involution
These equalities imply that
The remaining axioms of a hypergroup are easily verified. All together the desired conclusions are established.
[
Now let H be a compact commutative hypergroup of strong type such thatĤ is a discrete commutative hypergroup and L be a discrete commutative hypergroup of strong type such thatL is a compact hypergroup. For χ ∈Ĥ we put
Proof First of all we note that
Denoting Y (χ) ⊥ byL(χ) for χ ∈Ĥ we easily see thatL(χ) is a closed subhypergroup of the compact hypergroupL satisfying properties (1) and (2) of the hyperfield ϕ by Lemma 3.2. This leads to the following. 
of H based on L. We note that the dualityφ = ϕ holds if H and L are Pontryagin.
As a consequence of these preparations we obtain a commutative hypergroup
where e(χ) denotes the normalized Haar measure ofL(χ).
The following statements are easily verified. Now, we arrive at the dual version of the statement of Theorem 3.1.
Theorem 3.5 Let ϕ be a hyperfield of a compact commutative hypergroup H of strong type based on a discrete commutative hypergroup L of strong type. Then
If H and L are Pontryagin hypergroups, then K(H, ϕ, L) is also Pontryagin. Moreover the sequence
is exact and the dual sequence
is exact as well. In particular K(H, ϕ, L) and K(L,φ,Ĥ) are extension hypergroups of L by H andĤ byL respectively.
It remains to be shown thatK
Let τ be a character of K(H, ϕ, L). Then there exists χ ∈Ĥ such that
for some ρ ∈L by Lemma 3.4. Consequently
The assertion concerning the Pontryagin property follows from the fact that the dualφ of the dual hyperfieldφ is ϕ. Now let e(H) denote the normalized Haar measure of the compact hypergroup H. Then
where the latter symbol denotes the substitution hypergroup obtained by substituting Q in Q × L by H, in the sense of Voit [V1] . We note that H 0 is not assumed to be open which means that our definition is a generalization of Voit's substitution.
Examples of hyperfields
Let Z q (2) = {ℓ 0 , ℓ 1 } be the hypergroup of order two, where the convolution structure is given by
is a commutative hypergroup which coincides with Voit's commutative hypergroup on the two tori T ∪ T ( [V2] ). This means that K(T, ϕ, Z q (2)) determines the commutative hypergroup structure on T ∪ T with parameter (n, q), n ∈ N, 0 < q ≤ 1.
Obviously K(T, ϕ, Z q (2)) is Pontryagin and
where the dual fieldφ of ϕ is given aŝ
otherwise. )) is Pontryagin and
otherwise. [KTY] ) and ϕ :
Obviously K(T, ϕ, Z q (3)) is Pontryagin and
otherwise.
is the orbital hypergroup defined by the action of
is a commutative hypergroup. Obviously K(K α (T), ϕ, Z q (2)) is Pontryagin and
where K α (Z) = {0, 1, 2, · · · , n, · · · } is also the orbital hypergroup by the action of Z 2 = {e, g} (g 2 = e) such that α g (n) = −n on Z and the dual fieldφ of ϕ is given asφ :
Example 4.6 Let A be a commutative strong hypergroup and C a compact strong hypergroup. If
is the commutative hypergroup A × (C ∨ Z q (2)) of strong type and
In fact, the dual fieldφ of ϕ is given aŝ
where ρ 0 is unit ofĈ.
Example 4.7 Let A be a commutative hypergroup and C a compact hyper-
is the commutative hypergroup A × (S(Q × Z q (3) : Q → C)), where Q = C/C 0 .
Applications of the theorems
We assume H to be a (not necessarily compact) commutative hypergroup of strong type such thatĤ is a commutative hypergroup with unit character χ 0 . Let H 0 be a closed subhypergroup of strong type of H, where the annihilator H for someτ ∈ A(τ ).
Definition (see [HKY] ) (i) For τ ∈ H 0 the character of τ induced from H 0 to H is defined by ind H H 0 ch(τ ) := µ A(τ ) .
(ii) For τ i , τ j ∈ H 0 , ch(τ i ) · ch(τ j ) is decomposed on H 0 in the form ch(τ i ) · ch(τ j ) = C ch(τ )ν(dτ ), where ν is a probability measure on H 0 and = Now let H be a discrete commutative hypergroup of Pontryagin type and H 0 a closed subhypergroup of H. SinceĤ is a compact hypergroup, H ⊥ 0 is a compact subhypergroup. Then K(Ĥ, ϕ, Z q (2)) is defined via the hyperfield ϕ given by
The dual fieldφ of ϕ is the field
Applying Theorem 3.5 together with Theorem 5.2 we obtain Theorem 5.3 Let H be a discrete commutative hypergroup of Pontryagin type and H 0 a closed subhypergroup of H such that H
